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Introduction

R&DE (Engineers), DRDO

Beam — structural member — takes
transverse loads

Cross-sectional dimensions much smaller
than length

Beam width same range of thickness/d
Thin & thick beams

If | 215 t—thin beam

Thin beam — Euler — Bernoulli’s beam
"hick beam — Timoshenko beam
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Introduction
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= |n thin beams — deformation due to shear
negligible
= Thick beams — shear deformation
considered

= Beam- one dimensional structural meml
— length is very high than lateral
dimensions

= Various parameters => function of single
Independent variable
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Sign convention
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* Following sign convention is followed

z

/

Orientation of beam

+ ve moments

«CT«

VZ

A\ 4

B

+ve rotations

A
A
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Sign convention
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Shear force and bending moments

z

" <
v Z
M
I\/IX

Positive shear force and <
Z

y <
4
<

y

bending moments

Convex upward +ve

direction ‘ M
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Load applied in the plane of
symmetry
P

Symmetrical cross-sectional — load
applied in the plane of symmetry - Xz

Unsymmetrical bending

R&DE (Engineers), DRDO

Load applied at some
orientation

Bending takeé place in both
planes — Xz and Xy

Bending takes place in xz plane
Ramadas Chenn
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Unsymmetrical bending
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» Cross-section Is unsymmetrical
F)

Bending takes place in both planes
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&) Euler — Bernoulli’'s beam theory

R&DE (Engineers), DRDO

= Basic assumptions

* Length is much higher than lateral dimensions
—1 =215t

* Plane cross section remains plane before and
after bendin

= Stresses In lateral direction
negligible
= Thin beam
strain variation Is linear across cross-section
= Hookean material — linear elastic
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(%)) Bending of arbitrary cross section beam
R&DE (Engineers), DRDO

= An arbitrary cross-section beam oriented

alongx-direction
E,=ay+bz+c

o, =Ee, =E(ay+bz+c)
Equilibrium of the section requires
Z I:x = I\Ix

> M,, > M, =>Externalmoments
Xyz csys coincides de = O'XXdA = E(ay + bz + C)dA

with centroid

Inte%zaligagliagﬁr@r;@eggrce In X - direction 9
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Bending of arbitrary cross section beam

R&DE (Engineers), DRDO

* This equals to external force in ‘X’
direction =N,
= [o,dA=[E(ay +bz+c)dA
A

A

N, =Ea|ydA+Eb|zdA+Ec|dA
A A A

N = ECA => ¢ = 1

Origin of xyz co-ordinate system is selected at centroid

- Coefficients of ‘Ea’ and ‘Eb’ constants vanish

Ramadas Chennamsetti

10

@yahoo.co.in

rd_mech




(&) Bending of arbitrary cross section beam
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* Moment wrt ‘y’ axis
dM | = (0, dA )z

dM |, = Eze, dA

Integrating over cross-sectional
area ‘A

= [ Ez(ay +bz +c)dA
A

=> M, =Ea|yzdA+
A

EbszdA+Ecjsz
A
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(28))Bending of arbitrary cross section beam

R&DE (Engineers), DRDO

* Moment about ‘y’ axis
M, = Ea| yzdA+Eb[ z* dA+Ec| zdA
A A A

=>M, =Eal,+Ebl, -(1)
= Moment about ‘Z’ axis
M, :_[E(ay+bz+c)ydA: Eaj y? dA+ Eb_[ysz+ EcjydA
A A A A

=>M,=Eal,+Ebl, -(2)

‘a’ and ‘b’ unknowns — solve simultaneous algebraic
equations (1) and (2)
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Bending of arbitrary cross section beam

R&DE (Engineers), DRDO

= Solving (1) and (2) ‘a’ and ‘b’ values are as

following
M =M, MM,
TE-L) DT Ez o)
yz Yy z yz Yy Z
Strain is
M|, =M,| M1, +M,l, N
EXX: [ y+ 2 Z+—-
E(12-1,1,) E(Iyz—lyylzz) EA

This represents a straight line

Ramadas Chennamsetti
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(%5))Bending of arbitrary cross section beam

e

iy 2

&

£-]f

- xn\ .

N N\
S e
 (ENGINGS

= O
2
{EN

R&DE (Engineers), DRDO

* Bending stress — multiply axial strain
(bending strain) with Young’s modulus (E)

= Neutral axis /plane — no stress/strain => ‘0’

M I, =M.l -M I, +M,l, N
¢ — Y+ ¢ — Z + =0
(ISZ_IWIZZ) (Ijz_lyylzz} A

M, I _—-M_I
:>z:£ Y ZW]Y NX('iz_lyﬂzz)
M, I, -M,I, A
M I _—-M_I
slope=>m = > ZW}
MYIZZ_MZIYZ 14

yahoo.co.in

rd_mech@

Ramadas Chennamsetti




& Bending of arbitrary cross section beam
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= Equation of neutral axis
M,l,-M, ) N (

— X

Z= %
ML, =Ml |7 A

y

2
12-11,)

Neutral axis doesn’t pass through
origin — centroid of cross-section

If no axial load => N, =0

N.Aequation Z= IMY Passes
through centroid

M1, =M.l

y

slopem = tana =
M,l,-M.,I,

y
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(32)Bending of arbitrary cross section beam

2 Pt Ay
N O
%’\e;—{e@/

R&DE (Engineers), DRDO

= Neutral axis (N. A)

= Equation of neutral axis completely depends
on geometry and loading — moments and axial
load

» Axial load offset N. A. — does not pass through
centroid of cros-sectior

» Orientation (slope) purely depends on
moments and geometry

= Orientation not decided by axial load
* Independent of material properties - isotropic

= Simplifying equation if co-ordinate system
coincides with principal axes o
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(&) Bending of arbitrary cross section beam
R&DE (Engineers), DRDO

= Bending In a single planez—- no axial load

=> NX:O Mylyz_leyy NX 5

N Yy~ (Iyz_lnyZZ)
Ml,=M,l, | A

— A

Z= MVIYZ MZIW y

Ivlylzz_leyz/

\Y

=>z=_"7 YZy:>Z:_yZy <
M1, ] :
g
Equation of N.A depends on area ®
|\/|Z =0 moment of inertia é

17
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Principal axes

property
— 2 — 2
l, =[Z2dA, 1, =]ydA
A A
Product moment of inertia
l, = I yzdA
A

Rotate Y0OZcsys to a new csys
Yy 0Z at an angle ‘@’
Ramadas Chennamsetti
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= Area moment of inertia — geometric
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Principal axes

2

= Transformation
y=Yy cos@ -z sin @
Z=Yy sin@+ z cos@

R&DE (Engineers), DRDO

y

p (Y, 2)

0) |

7

o

|, = j y?dA = j(y cosé -z sin 6’)2dA
A A

| _=cos 6’j y °dA + sin’ 6’] z*dA - sin 29] y z dA
A A A

Y4

Ramadas Chennamsetti

=1 00526’+Iy.y. sin26’—ly.z. sin26@ - (1)
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Principal axes

R&DE (Engineers), DRDO

= Transformation
l,, = j Z°dA= j (y' sin@+z cos9)2dA
A A
l,, =sin’ Hj y “dA+co< Hj z'ZdA+sin29j y zdA
A A A

Yy

l,, =1 sinf g+l cos g+1, . sin26 - (2)
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Principal axes
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* Product moment of inertia — a property
defined wrt a set of perpendicular axes
lying In the same plane of area

|, :jysz
A
=>1,,=[(y cos#-z sind)(y sing+z cosg)dA
A

=>|, = cos@sin@{ j y “dA- j z'ZdAj + (co§ f-sin’ 9)_[ y zdA
A A

A
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Principal axes
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Product M. |
1 .
I, :—S|n26’(l = .)+00326’I . -(3)
2 227 yy yZ
Product M. | can be +ve or —ve — depends on
selection of c-ordinate syste
Variation ofl,,, I, andl,, wrt ‘6" — harmonic

When product M. | changes sign — it passes
through zero also

Principal axes Is a csys, where product M.l Is zer

22
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Principal axes
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= Variation ofl,,, |, andl,,

0.2

0.8

06

0.4

02 -

_________________________________________________

Maximum value of Iyy

\ Minimum value of |,

;=0
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Principal axes

R&DE (Engineers), DRDO

= Product M. | =0, area M. | — maximum and
minimum

= Orientation corresponding to max. & min.
— principal axes =¥, 8+ 90°

= From (3),I,,=0
I :isinze(l o= ..)+00326’I . =0
2 2z yy yz

yz

> tan26 “ly:
== 1lan = )
(I vy - | z'z')

Area moment of inertia — a second order tensor

24
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Principal axes

R&DEZ(Engineers), DRDO

= Symmetric sections

Product moment of inertia
|, = j yzdA
A

Co-ordinate system is selected symmetrically, Iyz is positive
and negative.

Summation over the area vanishes zero. YOZ — principal co-

ordinate system.
, . 'z
Yo Z — another co-ordinate system. |

Product moment of inertia doesn’t
vanish.

One axis of symmetry — principal axis
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é‘fi Bending of arbitrary cross section beam

R&DE (Engineers), DRDO

= Co-ordinate system is aligned with
principal csys — product M. | =k, =0

MnyZ_leyyy+_M I +Mz|yzZ+NX
Elz-1,1,) " El2-1,,) ~ EA
g M M y NX
* El,  E, EA
Simplified expression §
o
Again, N. A equation can be obtained by making strain zero ;%
y = - M y IZZ 7 — N X I ZZ é
M z | A M z 26 'EI
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(%)) Bending of arbitrary cross section beam
R&DE (Engineers), DRDO

= When no axial load actsN, = 0—
equation of N. A

—_ I\/Iylzz Nx Izz
y=- Z-
M, 1, AM,
M, |
=>y=- Z 7
M, 1,

Straight line passing through centroid
If, M, =0 => Equationof N.A=>z=0

This is 'y’ axis
27
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Axial deformation
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Axial deformation

R&DE (Engineers), DRDO

= Axial deformation due to axial load,
Ny => U,

= Axial deformation due to bending
= Bending inxz plane =>-z¢
= Bending inxy plane =>-y,

= Axial deformation due to all loads

u(x) =u, ~ 242, ()~ ye, (¥

-ve signs — rotations are opposite to moments

Ramadas Chennamsetti
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Axial deformation

R&DE (Engineers), DRDO

* |[n Euler-Bernoull’s theory — shears strains
negligible =y - Zy, - yy,

v :6u+av:O _au+aw_0
Y0y  OX £ 0z OX
ov ow
=> — +_— =0 => — +—=0
V- 0X Yy OX
:>a—V: :>0_VV:
0 X ‘ 0X y
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Axial deformation

R&DE (Engineers), DRDO

= Axial deformation in terms of deflection

gradient AW v
u=u,—-z—-y—
0X 0X
. _0u _du, _0°w 0°V
strain, £, = = - Z —

ax  ax  “ox2 oax?
£, =C+bz+ay

_du, _0°w 0%V
C = , b=—-—-, a=—-—;
0X 0X
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Curvatures

R&DE (Engineers), DRDO

= Curvature — gradient of slope

_9vV_ M, 0°v_M,
ox- El, 0X |
2 M 2 M
b:—aVZV: y:>—E6V2V:_y
0X El ., 0X I,
C:%:&:> EAauO :NX
0x EA 0X

Moment — curvature relationships

Ramadas Chennamsetti
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Shear stress distribution

R&DE (Engineers), DRDO

» Shear stress in a solid section

F, — force due to bending stress

T - shear acting on plane b dx

Solid section

‘b’ — local width on which shear
to be estimated

33
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Shear stress distribution

R&DE (Engineers), DRDO

* Force due to bending stress on area ‘A’
F, = _[Jxdi

Bending force at X+dX

F = Fb+aax dx = ja dA+j—dA

Shear force acting on plane b dx

F. =1 bdx

34
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Shear stress distribution

R&DE (Engineers), DRDO

= Equilibrium F,
F,-F,-F., =0
F o+ andx— ,—Thdx =0
0x dx
=> an =10 /.
0X .
F, = jUXXdA =
A

A = area, which is above the plane on which shear to be found

35

Area ‘A

@yahoo.co.in

rd_mech

Ramadas Chennamsetti




Shear stress distribution

R&DE (Engineers), DRDO

* Bending stress

M
JXX:E‘SXX:MZy+—yz+I\IX
| I, A
00 1 oM 1 oM,
XX — Zy+ 7
ox |, OX I, OX

If a beam is subjected to pure bending — no variation of bending
moment along length

oM
aMZ:O, Yy = ’—aaXX:O:>Z':O
0X 0X 0X

Ramadas Chennamsetti
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Shear stress distribution

R&DE (Engineers), DRDO

= Shear stress exists when transverse loads
are applied

Force equilibrium of infinitesimal element
x ———, V' +qdx-V =0
=>V +a_vdx+qu—v — O:>a_v =—( -(1)
0X 0X

37
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Shear stress distribution

R&DE (Engineers), DRDO

= Moment equilibrium q

M =M —v*dx—qud—zxzo

M +aﬂdx—M —(V +a—vdx)dx—q
0X 0X

(ox)°
2

[
o

oM
T ov -
w (2)

Higher order terms are neglected

@yahoo.co.in

From (1) and (2)

0 (OM)ZO_V:_q:> 0°M
ox\ 0x X ox*
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Shear stress distribution

R&DE (Engineers), DRDO

* When transverse loads are acting

Using equation (2) =

VZ

rb:jﬂdA
. 0X

00, _ 1 oM 1 al\/lyZ
X |, OX I, 0X
aO-XX—Vy z

= y + 7
0X | I,

y V :aMz
ox 7 0OX
V
rb=j£—yy+vz z]dA
A Izz Iyy

Ay=[ydA, Az=[zdA
A A

Ramadas Ch
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Shear stress distribution
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= Transverse loading xz plane -\,

V
V Z
rTb= Ay+V Az ) -
|ZZ |yy Vy_o
- G
rb:IVZAz ’

Resembles shear flow, q

Shear flow at a given horizontal section depends on moment
of area above that section wrt csys passing through centroid

This shear flow is not constant. Varies from zero to maximum

Ramadas Chennamsetti
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Shear stress distribution
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= Thin walled beam subjected to transverse
loads F

Equilibrium of infinitesimal element
gives stress distribution in the wall

41
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Shear stress distribution

R&DE (Engineers), DRDO

= Shear stress In thin walled beam

%

I I !
ZZ yy T
W
Shear flow in the wall of thin beam N7 f

Sum of the shear forces in the cross-section = externally
applied shear force => vertical equilibrium of the section

Shear flow is not constant — varies from point to point along
the wall

Shear is purely because of transverse loads, which cause
bending => Bending — shear

Shear due to pure torsion => Torsion - shear

42
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Shear center

R&DE (Engineers), DRDO

= Equilibrium of beam cross-section requires

— Forces and moment equilibrium

Twisting will not take place if moment due 5
to shear developed in the wall is equal to — ﬁ
moment due to external transverse load f WX
Variable — location of application of external Al
load f

. . \
Shear flow is a function of external N z

transversal load.

Moments of forces taken wrt any point in space — gives point
of application of external load — shear center

Shear center — independent of external load — depends only on
geometry

43
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Shear center

R&DE (Engineers), DRDO

= Shear center (S. C) may or may not pass
through centroid of beam cross-section

* When there Is no axial load, N. A passes
through centroid

» |_oads acting in both planes

%? g p—

T qT €,

2
\ T‘jL’ézy \ l y wj y

N\

44
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Shear center
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= Some specific cross-sections
N

yahoo.co.in

y 3 N
T—»—» — A /
/
1 /
0 h (
S U ;
! \
Q || \
— — v N\ | Z
Equilibrium in ‘z’ direction => Q, = F,
Equilibrium in ‘y’ direction =>F, - F, =0
h _ h F,
Moment of forceswrt ‘0’ Q,e, —F,——-F,-=0=>¢, =—h
2 12 Q,

Ramadas Chennamsetti
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A 4

» ld
» <

Vertical equilibrium =>F, + F, = Q,

Horizontal equilibrium — sum of
forces in horizontal web =0

Ramadas Chennamsetti

Shear center
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* When load acts at S.C, it produces only
bending — no twisting takes place

Taking moments wrt ‘G’
Fa-F,b-Q,e =0
o = F.a—-F,b
y
Q.

Express F; and F, in terms of
transverse load, Q,

eywill be a function of
geometric parameters

46
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Shear center

= Symmetric cross-section

Since cross-section is symmetric,
shear distribution in each leg is
symmetric wrt Xz plane

Taking moments about ‘O’
F,n-F,h=0 -nomoment
External load should pass through

In the plane symmetry

R&DE (Engineers), DRDO

axis of symmetry — shear center lies

47
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Singly silmmetric |
Point of application of load has to through S.C

48
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Q,

Symmetric in xz plane—S.C  Symmetric in xy plane — S.C
lies on z - axis lies ony - axis .
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Shear center
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Location of shear center for some cross-sections
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